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AN ASYMPTOTIC MODEL OF A MEMBRANE
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A. G. KOLPAKOV and I. G. SHEREMET

Novosibirsk
(Received 21 July 1995)

A three-dimensional problem in the theory of elasticity of a stressed solid in a domain of small thickness (diameter) is converted
into a problem in the theory of membranes (strings). The averaged problems obtained enable one to describe membranes (strings)
with inhomogeneities of a size comparable with their thickness. The problems are analysed using the asymptotic method of
averaging. © 1998 Elsevier Science Ltd. All rights reserved.

A method of converting a three-dimensional problem in the theory of elasticity for a thin domain into
a problem in the theory of plates was described in [1, 2]. A transition from a three-dimensional problem
in the theory of elasticity in a domain of small diameter to a problem in the theory of beams was made
in [3, 4]. An asymptotic method [5, 6] was used in the investigation which has the advantage that it is
applicable both to classical homogeneous plates and beams as well as to inhomogeneous periodic
structures with inhomogeneities with dimensions comparable with the thickness (homogeneous plates
and beams having inhomogeneities with characteristic dimensions which are significantly greater than
the thickness have been considered previously [7, 8]). The application of an asymptotic method to
stressed structures was begun in [9-14]: it has been applied to three-dimensional structures in [9, 12],
to thin plates in [13] and to beams of small diameter in [14, 15]. In particular, averaged equations for
the instability of inhomogencous plates and beams have been obtained. Problems involving inhomo-
geneous membranes and strings, in which both the small thickness and the initial stresses play a decisive
role, touch directly on problems of the above type. As far as we are aware, the derivation of the equations
of inhomogeneous membranes and strings from three-dimensional equations in the theory of elasticity
has not been considered previously (membranes with inhomogeneities of a characteristic size which is
significantly greater than the thickness have been studied). In this paper, the problem is considered at
the level of constructing a formal asymptotic expansion [5]. Limiting problems are obtained which yield
the equations of inhomogeneous membranes and strings.

While there is a certain resemblance between the methods which have been used previously [2, 9-16]
and those used in this paper, the results obtained do not follow from the results of the above-mentioned
papers. This is due to the fact that the “mechanics” of a problem is mainly governed by the actual form
of the first few terms of the asymptotic expansion [6] and, to a lesser degree, by the general form of
the series. The treatment presented also explains the reason for the “inoperability” of a number of the
equilibrium equations from [2, 9-16]; they do not correspond to the theory of plates and beams (these
equations are “overlooked” within their framework) but to the theory of membranes and strings.

The issues related to the practical application of inhomogeneous and, in particular, reinforced mem-
branes, are described in [17].

1. AMEMBRANE

We consider a domain Q. which is obtained by the periodic repetition of a certain periodic cell (PC)
with a periodicity P, in the xyx, plane (Fig. 1). The characteristic size of this PC (which is identical to
the characteristic thickness of the membrane) is a small quantity € which is formalized in the form
€ — 0. When € — 0, the domain Q, contracts to a two-dimensional domain S in the xx, plane. The
stress in the material occupying the domain Q,, denoted by o, are determined from the solution of a
problem in the theory of elasticity. We shall assume that the elasticity constants of the membrane material
ayy and the initial stresses o} are of the same order ¢ L. It is also assumed that the orders of magnitude
are identical (in classical theory, the stiffnesses are neglected compared with the stresses) due to the
fact that it is impossible to create initial stresses o of a greater order of magnitude when a, in the
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Fig. 1.

case of bounded deformations in the plane of a plate. Then [18], the equilibrium equations for a body
with initial stresses have the form

96 /ox; =¢”'f, in Q, .1
o;n; =g on TF; u(x)=0 on Iy
where Q, is the domain occupied by the membrane and I'g, T is its surface (Fig. 1).

The relation between the current stresses oy, the strains u® and the initial stresses can be written in
the form 10, 11, 18]

6‘] = e_l.sﬂ,-juau,‘ /ax, (1.2)
dl:ikl = a,-ju(x / 8)+ 0;-,(3'(,)(/ E)S,‘k (1.3)

where a are the components of the elasticity constants tensor, 8 = 1,ifi = k, and 8 = 0ifi # &
and x = (x, x,) are the slow variables in the plane of the membrane. The functions a;(y), 67i(X, y)
are periodic with respect to y; and y, with a PC §; (S; is the projection of the PC P; on the yy, plane
(Fig. 1) in accordance with the periodic structure of the membrane.

We introduce the notation

1
mes S,

()=

1
’{ (dy, (), = mesS, { ()dy

(the first expression is an average over the PC P; = € 'P, = {y = x/e: x € P.} in the dimensionless (fast)
variables y = x/e (Fig. 1) while the second is an average over the lateral surface y of the PC P;.

The derivative of a function of the form f(X, y) is calculated by replacing the differential operator
according to the rule

L f ettt L ey, @=23) (14)

ox, 5;:

(fox =af/axav fiy =af/ay,-)

Henceforth, Latin lower-case subscripts take the values 1, 2 and 3 while Greek subscripts and
superscripts take the values 1 and 2, andm = -1,0,...;n=0,1,....

We shall seek a solution of problem (1.1)—(1.3) in a form which is analogous to that which has been
used previously [2] but, in accordance with (1.2), we commence the expansion for the stresses o; with
a term of the order of &
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u® =u )+ (% y)+...= T (%, y) (15)
n=0
i = e;lcf:’?-‘)(i,y)+...= i?mcfj'")(i,)') (1‘6)

Substituting (1.5) into (1.2) and taking account of (1.4), we obtain a relation and, on equating the
expressions accompanying € in this relation, we find that

1 _ 1 0
o) = sl + A i @m

The terms of expansion (1.6) satisfy the equations [2]
Oy + Ol =0 (077 =0) (18)

which are obtained by substituting (1.6) into (1.1) and taking account of (1.4) (for more detail, see [2]).
Here, it is only the case when m = —1 which is of interest. For this value, equality (1.8) gives

Sy =0
On substituting (1.8) here, we arrive in the usual way [2] at the cellular problem
(A (R YINEL + e (XY)), =0 in R (1.9)
(A NN + A (X,¥))n; =0 on y
The function N7%(y) is periodic in y,y, with a PC §,.

As was stipulated above, suppose that 6}; are determined from the solution of a problem in the theory
of elasticity. Then, using (1.3), we have

(dukl - aw ).jy = 0'},']-),5,-,‘ =0 in P‘ (1.10)
(dijﬂ —a,:,-k,)nj = 0;1' njsik =0 on Y
Proposition 1. The equality
N (y) = —yseq (1.11)
holds.
In the case of (1.11), we have (—s{;43 + ‘91573‘!), i = 0 by virtue of the symmetry of a;, and (1.10).
Furthermore, (-3 + j30)n; = 0 on y by virtue of the symmetry of a;, and (1.10).
When account is taken of Assumption 1, we obtain a representation of u!) in terms of the solution
of the cellular problem (1.9)
u® = —y e ul®, (%) + NP (y)ul), (%) + V(%) (1.12)
This solution is identical in its form to the solution from [2] but the coefficients of the cellular problem
(1.9) differ from the elasticity constants a;;, and depend on the initial stresses.
Substitution of (1.12) into (1.8) gives
~1 - .
Oy = (= gy + o8 30 e (R)+ (o g + 585y N2 ). () (1.13)
By making use of the definition of sd;3; (1.3), we obtain from (1.13) that
OV = (=07380 + 6083 Ui, () + (A g + Sy NG ), (%) (1.14)

In the case in question, the equilibrium stresses Nj; = ((sij('l)) are identical to those obtained in [2]
and have the form (for a detailed derivation of the equilibrium equation for a membrane, see {1, 2, 6])
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cr.y Y _<fa> N31,3x =<f3>,+<g;r _g;)y (1'15)

We now consider (1.14) for different values of the indices. In the case when i = 3,j = vy, Eq. (1.14),
taking (1.3) into account, gives

Ny, =(057) = (050 Y (R + {8 305 + 8 3 N9 W), (O (1.16)
Fori = x,j = ¥, taking (1.3) into account. Eq. (1.14) gives
Ny =(057) = (075 Ju§20 () + (8 00 + Shiua NES, Yl () (1.17)
The cellular problem (1.9) is now considered. We multiply the equation from (1.9) by y; and integrate
the result by parts over the PC Pl When account is taken of the boundary condition, we obtain from
(1.9) and the periodicity of N** and y; with respect to y; and y,, that

Using (1.18), the symmetry of a;; and the definition of s, the last term on the right-hand side of
(1.16) can be rewritten in the form

<(o;,8,k ~ 083 )N ,'j‘%) +(0% )85
Proposition 2. If ¢}; are determined from the solution of a problem in the theory of elasticity then

(c}}) =0.

The proof of this is analogous to the proof of relation (1.18). As a result, (1.16) and (1.17) take the
form

= NS + Ripolth s (1.19)
Ney = Acpakhns (1.20)

where

Nio=(0%). Rpa ={03 855 ) ~(a3435)
Ao = (Ao + S NES)

Here, N, are the initial stresses in the plane of the membrane and A xpe are the averaged elasticity
constants of the stressed body (which is two-dimensional in the case under consideration). The quantities
A xypoo generally speaking, depend on the prior stresses in the plane of the membrane. This dependence
is analogous to that found in [10-13].

The boundary conditions for the strains have the form

uP)=0 (a=1,2) on 3S (1.21)
u(x)=0 on 9 (1.22)

The equilibrium equations (1.15) when (f,) = 0 with constitutive equation (1.20) and boundary
condition (1.21) have the solution u,(X) = 0 (subject to the condition that the initial stresses do not
cause stability loss of the membrane as a plane body). The latter condition is nearly always satisfied in
practice since the initial stresses are small compared with the elasticity constants [10, 11]. Then, (1.19)
takes the form

Nay = Npgui0), (1.23)

with the equilibrium equation
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Navpe =(f5)+ (85 =83, (1.24)

and boundary condition (1.22).
Equations (1.23) and (1.24) can be transformed into the classical equation for the flexure of a membrane

(Niati2) 5 =(f3) + (83 -85 ),

The situation is different from the classical one when there are non-zero forces of the order of g!
in the plane of the membrane.

A homogeneous membrane. In the case of a homogeneous membrane NP is solely a function of y;
and o3 = 0, by virtue of which Ryg, = 0, 4 ope = (Hropa + HiepaN' %‘,‘3),). Hence, Eqgs (1.19) and (1.20)
are not connected in this case.

Layered membranes. Suppose that a membrane is made up of layers of isotropic materials which
are parallel to the xyx; plane. Then, as in the preceding case, N°B is solely a function of y; and 6% =
and, by virtue of this, Ryg, = 0.

The general case. It is well known [2, 6] that the local stresses 6} are associated with the global strains
U in the plane of an inhomogeneous body with a periodic structure by a formula of the type

0} = (aup + auNLL U 5 (A, B-1,2) (1.25)
Substituting (1.25) into the formula for R.g,, we obtain
Ry =[{a3 a5 Nﬁy) +{(a31maNony Nﬁﬂ ~(ayap Nf?y) - <aylmnN:?ny N;?y NU4 b

In membranes made of isotropic materials, of the a3 45 (I = 1, 2, 3; A, B = 1, 2) only a334p is non-
zero and, of ay 45 (Y = 1, 2) only a5 4p is non-zero. Then, in the case in question

Ryﬂa =[{a3344 ‘N.';l,gy) + (aBIMN:eg Nﬁv) - (aysAB‘N;gy) - <a‘YlmnNr(:'.sny N;?y MU 4 by

2. A STRING

We now consider a domain of small diameter O, which is obtained by periodic repetition of a certain
periodic cell (PC) along the x; axis (Fig. 2). The characteristic size of this PC (which is identical to
the characteristic diameter of the string) € < 1. When € — 0, the domain Q, contracts to an interval
[-1, 1] on the x, axis. The stresses 6} in the material, which occupies the domain Q,, are determined
from the solution of a problem in the theory of elasticity.

Fig. 2.
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We shall assume that the elasticity constants of the string material a;3; and the initial stresses o7; are
of the same order of magnitude €2,

Again, we take the orders of magnitude to be identical although, in classical theory, the stiffnesses
are neglected compared with the stresses. The equilibrium equations for the body then have the
form of (1.1)—(1.3) [7], where Q. is the domain occupied by the string, and T, and T} is its surface
(Fig. 2).

In this case, the relation between the actual stresses Gy, the strains u® and the initial stresses can be
written in the form [10, 11, 18]

O, = s—zdijkl(xl'y)auk / dx, @1
Ay = @y () + 05 (x1,¥)8; (2.2)

where x; is a slow variable along the string axis. The functions a;(y), 6}i(x;, y) are periodic with respect
to y; with period m (Fig. 2) in accordance with the periodic structure of the string.
We use the notation

G==f Ody, (== Ody
mp m R,

to denote the average over the PC P, = €"'P, = {y = x/e: x ¢ P.} in the dimensionless (fast) variables
y = x/e (Fig. 2) and the average over the lateral surface y of the PC P;.

The derivative of a function of the form f{(x,, y) is calculated by replacing the differential operator
according to the rule [19]

a—f-»f,lx+e'1f,1y, —éf—-—ae"fay(a=2,3) 23)

axl ax(!
(fiy =9f 19y, f1, =0f / ox;)

Henceforth, Latin subscripts take the value 1, 2 and 3 and Greek subscripts take the values of 2 and
3,andm=-2,-1,...;n=0,1,....

We shall seek a solution of problem (1.1)—«(1.3) in a form which is analogous to that used previously
[4] but, in accordance with (2.2), we shall commence the expansion for the stresses o;; with a term of
the order of &~

u =u(o)(x,)+t—:u“)(x,,y)+...= ioe"u("’(x,,y) - (24)
= p2(-2) — % eMma(m)
C; =€°0;  (x,y)+...= I "0 (x1,y) (2.5)
m=-2

Substituting (2.4) and (2.5) into (2.1) and taking account of (2.3), we obtain

v m(m) __ ad n-3 (n) n-2 (n)
m=2_2€ % _E'oe Aty + €A iy (2.6)

On equating the expressions accompanying £ 2 in (2.6), we obtain
-2
052 = sl (1, Y, + ey (. y)uf, (2.7)
The terms of expansion (2.5) satisfy the equations [4]
oy +oi) =0inR, o{n; =0ony (2.8)

which are obtained by substituting (2.5) into (1.1) and taking account of (2.3) (for more detail, see
[4, 6]). Here vis the lateral surface of the PC P;, and we are only interested in the case when m = 2.
In this case (2.8) gives
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oi2=08R, of’n;=0ony (2.9)

Substituting (2.7) here, we arrive at the cellular problem
(-ﬂiju(xl,Y)-Ni,z,~ +sﬂ,ijp‘(xl,y))‘jy =0.in R
(2.10)
(g (xy IINE  + Ay (x1,¥))n; =0 on YN?(y)
which is periodic in y; with period m.

Suppose that the stresses G}, as was stipulated above, are determined from the solution of a problem
in the theory of elasticity. Then, (1.10) is satisfied in the case of these stresses.

Proposition 3.
N%(Y) = -y, (2.11)

For (2.11), we have (-4 + Hjo1), = 0 by virtue of the symmetry of a;;; and (1.10). Furthermore,
(=10 + yor)n; = O in y by virtue of the symmetry of a5, and (2.10).

“/hen account is taken of Proposition 3, we obtain a representation of u® in terms of the solution
of the cellular problem (2.10)

u® = -y el (x)+ N (WP, (x)) (2.12)

This solution is identical in for to the solution from [4], but the coefficients of the cellular problem
(2.10) differ from the elasticity constants a;,; and depend on the initial stresses.
Substituting expressions (2.12) into (2.7) and using the definition of &, (2.2), we obtain
O = (=0]8;1 + 07180 Ui (1)) + (g + Sy N g, {1 (x1) (2.13)
In the case under consideration, the equilibrium equations for the stresses N; = (6;,?) are identical
to those obtained previously [4]

Nl,lx =(fl ) Na,lx =(fa)+<ga >-y (214)

Equalities (2.13) enable us to obtain expressions for the stresses in terms of the deformation
characteristics.

We will now consider equalities (2.13) for different values of the subscripts while taking equality (2.2)
into consideration. We have

Ny =(017?) = (st + 4, 1N e (e = (Ol Ui, G=1) (2.15)
=(sCIY = (" ,
Np =(og") = <°11)";(3(.)1)x +(sd gy +‘§amu-le.ly o, (i=p) (2.16)

Proposition 4. If 6} are determined from the solution of a problem in the theory of elasticity, then
(o1 =0.

In order to verify this, we multiply the equilibrium equation 6} = 0 by y, and integrate the result
over the PC Py, taking account of the boundary condition ojn; = 0 on y and the periodicity of all
the functions (including y,) with respect to y;.

As a result, (2.15) and (2.16) take the form

~ o .
Nl =Aul(,1?t’ NB =N] uB,h +Rﬂu|(gi

A=(dyy + Ay Ney) Ny =(on) (2.17)
Ry = (g, +‘91ﬁlHNIIc,I)v)

Here N1 is the initial axial stress of the string, A are the averaged elasticity constants of the stressed
body (which is one-dimensional in the case in question). The quantity 4, generally speaking, depends
of the prior stress in the string. This dependence is analogous to that found previously in [10-13].
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The boundary conditions for the strains have the form
uPEn=0, u®@En=0 (2.18)

The equilibrium equations when (f; ) = 0 with the constitutive equations (2.15) and boundary condition
(2.18) have the solution u{®(x;) = 0 (subject to the condition that the initial stresses o} do not cause
any stability loss of the string as a one-dimensional body, that is, as a rod). The last condition is always
satisfied in practice since the initial stresses are small compared with the elasticity constants [10, 11].
Then, (2.17) takes the form

Np = Nug? (2.19)
with the equilibrium equation

Nga, =(fa)+{8p)y (2.20)

and boundary condition (2.18).
Equations (2.19) and (2.20) can be transformed into the classical equation of a string

(N7 ), 1x = (f ) +(8p ),y

The situation is different from the classical one when there are non-zero forces of the order of €2
acting along the x; axis.
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